We identify a symplectic potential for general relativity in tetrad and connection variables that is fully gauge-invariant, using the freedom to add surface terms. When torsion vanishes, it does not lead to surface charges associated with the internal Lorentz transformations, and reduces exactly to the symplectic potential given by the Einstein-Hilbert action. In particular, it reproduces the Komar form when the variation is a Lie derivative, and the geometric expression in terms of extrinsic curvature and 2d corner data for a general variation. The additional surface term vanishes at spatial infinity for asymptotically flat spacetimes, thus the usual Poincaré charges are obtained. We prove that the first law of black hole mechanics follows from the Noether identity associated with the covariant Lie derivative, and that it is independent of the ambiguities in the symplectic potential provided one takes into account the presence of non-trivial Lorentz charges that these ambiguities can introduce.
Introduction
Covariant phase space methods [1, 2, 3, 4] provide powerful tools for the study of symmetries and conservation laws in gauge theories and gravity. In gravity most literature is based on the metric formalism, but tetrads and Lorentz connection as variables have many applications, from the description of radiative data on I + and of isolated and dynamical horizons, to fermion coupling and quantum gravity. Covariant phase space methods have been successfully applied to tetrad gravity, recovering the metric Poincarè charges at spatial infinity, the first law of black hole mechanics and its generalization to isolated horizons [5, 6, 7, 8] .
Notwithstanding these positive results, the symplectic potential most commonly used has two unappealing features that we wish to improve upon, and which motivate this paper. The first issue is that it is not fully gauge-invariant: the associated pre-symplectic form has degenerate gauge directions inside the Cauchy hypersurface, but not on its boundary, unless this is taken at infinity and with appropriate fall-off conditions. This means that the covariant phase space gives in general non-trivial surface charges for internal Lorentz transformations, even when torsion vanishes. Since when torsion vanishes we would like to recover the same physics as in the metric theory, such charges appear unphysical to us. The second and related issue is that, again when torsion vanishes, it is not equivalent to the symplectic potential taken from the Einstein-Hilbert action. This difference shows up for instance if we look at a variation given by a Lie derivative: the familiar Komar term which appears in the metric case is not present. As a consequence, also the Noether charge is different, which led the authors of [9, 10] to point out a potential problem with the derivation of the first law from the Noether identity, and to propose that in tetrad gravity the Noether charge for diffeomorphisms should be associated not to a Lie derivative, but to a modified derivative involving an internal gauge transformation which depends non-linearly on the tetrad. As we will see this is not necessary: solving the first issue automatically solves the second.
To find a fully gauge-invariant symplectic potential, it is enough to use the fact that the symplectic potential is defined from an action principle only up to the addition of an exact form. Our first result is to identify an appropriate exact form that makes the pre-symplectic form completely gauge-invariant, thus free of internal Lorentz charges in the absence of torsion. Our second result is to show that the gauge-invariant potential gives exactly the Komar term when the variation is a Lie derivative, thus recovering the expected Noether charge. Finally we prove equivalence to the Einstein-Hilbert symplectic potential for a general variation, in the absence of torsion, by reproducing the geometric formula of [11, 12] in terms of extrinsic geometry and 2d corner terms. Support for the gauge-invariant symplectic potential we propose comes also from the fact that it turns out to match the boundary term found in [13] using Hamiltonian methods, starting from the requirement of finding a canonical transformation from the tetrad to the ADM phase space in the presence of 2d corner terms. The importance of working with a gauge-invariant potential for generic gauge theories has been discussed in details in [14] , and our construction shows how this can be done for tetrad gravity.
Having established these results, we look at physical applications, in particular to asymptotic charges and to the first law of black hole mechanics. Since the modification we propose changes the symplectic form and thus the phase space structure, it is not guaranteed that the results in the literature still apply: the exact form affects the Hamiltonian charges of the theory. For asymptotic Poincaré charges, it is easy to see that the result of [6] is preserved, since with those asymptotic fall-off conditions the additional exact form vanishes at spatial infinity.
For the first law, the situation is more interesting. First of all, having recovered the equivalence with the Einstein-Hilbert symplectic potential, we can immediately show that using our gauge-invariant symplectic potential the first law follows from the Noether identity associated with covariant Lie derivatives, coherently with the metric case. However, we show that the first law follows also from the non-gauge-invariant potential and the same Lie derivative, provided one takes into account the non-trivial internal Lorentz charge. The latter has the effect of changing the Hamiltonian Killing flow, because tetrads and connections are preserved by a Killing Lie derivative only up to an internal transformation, and not identically. Recovering the first law from the non-gauge invariant potential and the Lie derivative is in fact not new: it was already proven in [5] using directly the Hamiltonian generators, not expressing them in terms of the Noether charge and thus without puzzling over that mismatch. The presence of a non-zero Hamiltonian diffeomorphism generator was indeed observed in [5] , and referred to as the horizon energy. Our construction clarifies that this horizon energy is the internal Lorentz charge produced by using a non-gauge covariant potential.
Therefore, we have a situation similar to the metric case, albeit slightly subtler. In the metric case, the first law is invariant under the cohomology ambiguity in the symplectic potential, because the contribution of the exact form to the symplectic form vanishes. In the tetrad formalism this is not the case, because the Killing Lie flow vanishes only up to internal transformations. Nonetheless, the first law is still invariant, provided one takes into account the non-trivial internal Lorentz charges that can be present changing the symplectic potential by an exact form.
We hope that our results contribute to the standing of the covariant phase space for tetrad general relativity, and clarify some aspects of the existing literature. In the conclusions we briefly discuss future developments and applications. We use signature with mostly plus, greek letters for spacetime indices and capital latin letters for internal indices.
A gauge-invariant symplectic potential
We consider the following first order action for Einstein-Cartan gravity (for a review, see [15] )
where we have taken units 16πG = 1, and
The action is to be supplemented by appropriate boundary integrals I 3d and I 2d depending on the boundary conditions chosen, see e.g. [16, 17, 8] for 3d boundaries without corners, and [18] in the presence of corners. The coupling constant γ is referred to as Barbero-Immirzi parameter in most literature, 1 and the associated Lagrangian density corresponds to the additional dimension-two termǫ µνρσ R µνρσ (Γ) that one can write in the first order formalism. 2 The variation of the action gives the field equations and a boundary term,
which will be the centre of attention of this paper, for the role it plays in the covariant phase space formalism. Let us denote by dθ EC (δ) the integrand. The theory defined by (1) differs a priori from general relativity: it is only defined for orientable manifolds, and odd under orientation inversion, instead of even; it allows for degenerate tetrads hence degenerate metrics; it allows for non-vanishing spacetime torsion T I := d ω e I , if matter couples to the affine connection ω IJ . In the following, we restrict attention to an invertible, righthanded tetrad. Then when torsion vanishes ω IJ = e ω IJ is the Levi-Civita spin connection, (1) is equivalent to the Einstein-Hilbert action S EH and thus the theory to general relativity. This equivalence extends to the boundary term:
as can be easily seen for instance from 
The equivalence (4) implies also that the 3-forms are equal up to an exact form,
The question we address in this paper is to find an α for which the equality above holds. It is motivated by the covariant phase space formalism, which uses the boundary term to define Noether and Hamiltonian charges of the theory. Let us briefly review the basic points of this formalism, referring the reader to e.g. [4] for details. Suppose that the boundary ∂M of M (which can be the whole spacetime or just a region of interest) admits a canonical split with the identification of a Cauchy hypersurface Σ. Then the boundary term dθ(δ) obtained from the variation of a Lagrangian 4-form L can be used to provide a symplectic potential on the space of solutions to the field equations, by taking its integral on Σ:
This defines a one-form in field space, and its exterior derivative is the pre-symplectic two-form
Using δL ≈ dθ(δ), where here and in the following ≈ means on-shell of the field equations, one sees that Ω is independent of the choice of hypersurface Σ if the background fields as well as the variations δ 1 and δ 2 satisfy the field equations. The symplectic structure so defined is not unique. First, the explicit form of the potential depends also on the boundary terms I 3d and I 2d in the action principle. These however do not affect the pre-symplectic form since the symplectic potential is changed by a total variation, therefore the covariant phase space structure is independent of them. There is nonetheless a certain freedom, since the symplectic potential is defined by the Lagrangian L only up to an exact form, that is the Lagrangian identifies an equivalence class
where α is an arbitrary 2-form in spacetime and 1-form in field space. This cohomology freedom does affect the pre-symplectic form, and it is important to test that physical predictions are independent of it. This freedom plays an important role below. The simplest set-up for this formalism is when ∂M = Σ 1 ∪Σ 2 joined at a 2d space-like surface, in which case the canonical splitting is obvious. A more general configuration is a topological cylinder, ∂M = Σ 1 ∪ Σ 2 ∪ T , with the time-like hypersurface T connecting the 2d space-like boundary ∂Σ 1 to ∂Σ 2 . To introduce a canonical split in this case we typically require that Θ(δ) vanishes on T . 3 This is a restriction on the admissible solutions if T is in the spacetime bulk, but can become negligible if the boundary is pushed to infinity, and it is the fall-off conditions on the fields that guarantee the vanishing of Θ(δ) on T ∞ . This set-up is relevant for instance in the study of asymptotic charges at spatial infinity with Λ = 0. The appropriate fall-off conditions for (1) where given in [6] . We will come back to this point below in Section 4.
The power of this formalism for diff-invariant theories is that it allows one to define quasi-local Hamiltonian charges for diffeomorphisms as the canonical generators in the covariant phase space. 4 They are given by the pre-symplectic form with one variation being a Lie derivative δ ξ = £ ξ ,
Here we assumed that [δ ξ , δ] = 0, 5 and the − δ is there to remind us that the quantity on the RHS is not always a total variation. Only when it is, the generator integrates to a proper Hamiltonian charge
, where ω is the integrand of Ω, and a sufficient condition familiar from the ADM energy calculations is the existence of a functional B such that θ(δ) ξ = δB ξ.
The origin of this latter condition becomes clear if we recall the relation between the Hamiltonian charges and the Noether charges, which do not coincide for diff-invariant theories. The conserved Noether current is given by (see e.g. [25] )
since this is the object that is closed on-shell: Using
, it is immediate to see that dj(δ ξ ) ≈ 0. Furthermore, it is also possible to show that j(δ ξ ) ≈ dq(ξ) for some 2-form q(ξ) [25] . It follows that the Noether charge, defined as the integral of the current, 7 is a boundary term:
To find the relation between the Hamiltonian and Noether charges one takes the variation of (11), and replaces it in the definition (10) together with the Lie derivative variation
This shows (i) that the Hamiltonian as well as the Noether charge are surface charges, but in general differ by a term θ(δ) ξ; and
is a total variation and thus integrable. In spite of their close relation, the Hamiltonian and Noether charges have an important difference: the former changes only under the ambiguity (9) in defining the symplectic potential, whereas the Noether current j(δ ξ ) and charge Q ∂Σ (ξ) are changed also by adding boundary terms I to the action, which makes them less universal objects than the Hamiltonian charges. 8
4 Let us remind the reader less familiar with this formalism that for a general diffeomorphisms, these quasi-local charges are not interesting observables, because their value depends on the shape of the boundary of Σ. It is only when ξ µ is a Killing or asymptotic Killing vector that the charges are truly useful. 5 This is a customary assumption [4] , although it can be argued [1] that it is rather a definition of what we mean by the perturbation of a diffeomorphed solution.
6 Since a typical case study is when Σ has two boundaries, H ξ [Σ] is also referred to as a flux, leaving the name charge for the surface integrals whose difference makes up H ξ [Σ], see below.
7 Noether charges for gravity can also be derived without using covariant phase space methods, see e.g. [26] . For a derivation of Noether charges for first order tetrad gravity with these methods, see [27] . 8 There is also a third ambiguity in the definition of the Noether charge itself, since one can always add an exact 2-form to it. This ambiguity will play no role in the following.
To make this quick review more concrete, let us recall that for the Einstein-Hilbert Lagrangian L EH = (R − 2Λ)ǫ (without boundary terms, for simplicity), we have
with dΣ µ the oriented volume element. Specializing to a diffeomorphism,
where κ is the Komar form, in components
E ξ := (G µν + Λg µν )ξ µ dx ν contains the field equations, and ⋆ is the Hodge dual on spacetime forms (see the Appendix for conventions). It follows that the Noether charge associated with diffeomorphisms by (14) is the Komar form,
It also enters the Hamiltonian charge,
This equation is the starting point to prove the first law of black hole mechanics. Coming back to the tetrad action (1), we see that it defines the symplectic potential 9
This turns out not to be equivalent to (14) when torsion vanishes, hence a non-zero α is required in (6) . The difference shows up prominently when one evaluates the symplectic potential for a diffeomorphism variation δ ξ . In the metric case with the Einstein-Hilbert Lagrangian L EH , we have (15) with the Komar form. When using tetrads as fundamental variables, we have the additional gauge freedom of performing internal Lorentz transformations. The action (1) is thus invariant under SO(3, 1) gauge transformations
as well as the usual diffeomorphisms,
as well as combinations of the two. In particular, we can consider the gauge-covariant diffeomorphisms
which are defined adding a gauge transformation to the Lie derivative,
These are gauge-covariant, unlike (21) , and [L ξ , δ λ ] = δ dω λ ξ is a gauge transformation. 10 Taking variations given by these Lie derivatives, the potential (19) gives
Using
we see that both options differ from (15), even when torsion vanishes. The associated torsionless Noether current is
which is exact on-shell as expected, but lacks the Komar term (16), as also the current associated to L ξ would. Hence (19) does not reproduce the Noether charge of the metric theory with neither £ ξ nor L ξ . This does not affect the evaluation of the asymptotic Poincaré charges, see below in Section 4, but it was argued in [9] to spoil the first law of black hole mechanics. The solution there proposed was to associate the diffeomorphism Noether charge not to the original Lie derivative, but to the following mixing of diffeomorphisms and gauge transformations,
This indeed produces the Komar term (as shown in [9, 10] , or by direct evaluation of (19) with
, and the same proposal has been followed for instance in [28, 29] . However, this is not the origin of the alleged problem with the first law, which as we show below in Section 5 can be derived also from the Noether identity with the covariant Lie derivative. The key point is that the symplectic potential (19) does not define a gauge-invariant symplectic structure. To see this, we look at the pre-symplectic form derived from (19) . Using the shorthand notation Σ IJ := e I ∧e J and the commutativity [δ λ , δ] = 0 of gauge transformations and variations of the fundamental fields, we have
where we used
10 The reader familiar with the Hamiltonian analysis of (1) will recognise these two covariances as those associated respectively to the generators
. see e.g. [19] . and
which follows from the Jacobi identity. On-shell of the field equations, the first term in (28) vanishes (or in the presence of torsion it would cancel against the source term coming from the matter contribution to the symplectic potential), and we are left with a surface term, which gives the non-vanishing Lorentz charge
This means that the symplectic structure induced by Ω EC has degenerate gauge directions in the bulk of Σ, but not on its boundary. Again this fact is well-known in the literature, see e.g. [8, 29] . While in a gauge theory this is a rather natural fact with a physical meaning, we find it unpalatable in this gravitational context because it would assign charges that are not there in the metric theory, making the covariant phase spaces inequivalent even in the absence of torsion. A fully gauge-invariant symplectic structure can be easily obtained using the ambiguity (9) in the definition of the symplectic potential. We find that the required exact form is
In fact, a simple calculation shows that
which cancels the surface term in (28) . The corrected potential
is thus gauge-invariant. Notice also that it satisfies Θ ′ EC (δ λ ) = 0 for vanishing torsion. 11 As it turns out, the very same exact form allows us also to recover precisely the Komar expression from a Lie derivative variation. To see this, let us first notice the following identity
where
The last piece is the trivial Komar charge ⋆κ µν (ξ) = 2 e ∇ [µ ξ ν] , similar to the trivial charge associated with the topological Lagrangian ǫ µνρσ F µν F ρσ in YM theory. This is an exact form; it does not 11 For a gauge transformation
is a pure boundary term when torsion vanishes, cancelled by the addition of (32) since e ρK δ λ e L ρ = −λ KL . One could also use this argument to deduce the boundary subtraction term (32) .
contribute to the boundary integral, and we disregard it in the following. 12 Putting (36) together with (24b) we find
where in the last step we used (25) . The gauge-invariant symplectic potential (34) reproduces precisely the metric result in the absence of torsion. 13 For these reasons, it seems to us that (34) provides a better symplectic potential for the EC theory than the simple boundary term alone: it satisfies our desiderata
and Ω
As further support for the use of (34), we remark that it matches the boundary term derived in the Hamiltonian analysis of [13] , starting from the requirement of having a canonical transformation of connection variables to the ADM phase space in the presence of corners. Here we derived it from the requirement of full gauge-invariance of the pre-symplectic structure in the covariant phase space. 14 
Equivalence for general variations
Properties (38) and (39) were the ones we cared the most for. However, it is only a few more steps to prove that the equivalence extends to arbitrary variations. In this Section we prove that
namely that α(δ) defined in (32) satisfies (6).
In tensor language, a geometric expression for the generic variation was given in [11] , and more recently rederived in [12] . Using the notation from the latter paper, one has
where the notation is as follows: n µ is the unit normal to Σ, with signature s := n 2 = ±1 and projector q µν := g µν − sn µ n ν ; K µν := q ρ µ q ρ ν ∇ ρ n σ is the extrinsic curvature of the hypersurface. The authors of [12] pick coordinates y a (x µ ), a = 1, 2, 3 to parametrize Σ, and t µ a := ∂x µ /y a define tangent vectors and the induced metric q ab = q µν t µ a t ν b with determinant q. Finally, t a µ := q ab g µν t ν b are the inverse tangent vectors, ∇ a the induced Levi-Civita covariant derivative and − δA a := −st a µ δn µ captures the variation of the normal-tangential components of δg µν . For our purposes, it is convenient to rewrite this formula in a covariant way, without using tangent vectors and hypersurface tensors. To that end, we denote byr µ the unit normal to the space-like boundary ∂Σ within T * Σ: it satisfiesr 2 = −s andr µ n µ = 0 (and in the case when it is time-like we take it future oriented). Since δt a µ = − δA a n µ , the second term in (41) can be rewritten immediately in covariant form,
12 It would be however non-trivial in the presence of torsion. 13 We point out that this equality holds also with the non-gauge-covariant derivative, since θ
14 When our paper appeared on the archives, Matthias Blau showed us some unpublished notes where he had also constructed the same gauge-invariant potential and proved the property (38) [30] .
As for the boundary term we have
where dΣ := √ −sqd 3 y and dS are the induced volume elements on Σ and ∂Σ. Hence, 15
We will take advantage of this formula to establish the equivalence (40) , by proving that θ ′ EC (δ) = θ EC (δ) + dα(δ) equals the RHS of (44) for vanishing torsion and right-handed tetrads.
First of all, we need an identity which allows us to rewrite the symplectic potential with the hypersurface unit normal n µ explicitly appearing:
To see this, we use the tetrad identity (A.6) before and after using n K n M = s(η KM − q KM ), getting
Since in the last term we can replace q KM with η KM we obtain
from which (45) follows. Another needful identity concerns the 1/γ piece of Θ EC : we have
which can be shown using ω IJ µ = e λI ∇ µ e J λ and integrating by parts. Next, we consider the following boundary term [16, 17, 31] ,
which represents an 'affine' version
• K of the extrinsic curvature -in the sense of being defined without referring to the Levi-Civita connection -, and which reduces to the extrinsic curvature K if there is no torsion. The equality in the middle follows using (A.6) and n I D µ n I = 0. Notice also that the term proportional to 1/γ vanishes identically. We then compute its variation, which gives
15 It is by the way in this covariant form that the equation is presented in [11] .
where we used (45) . The second term vanishes since n I is unit norm, and isolating the symplectic potential (19) in (50) we find
We now compare this expression for ω = e ω and T = 0 with (44) . The first term in (51) gives immediately the first term in (44) , thanks to (49). The matching of the second terms in (51) and (44) is also easily established:
which coincides with the second term in (44) when torsion vanishes. It remains to look at the boundary term of (50), which in tensor form gives
As expected, this surface term alone fails to reproduce the surface term in (44) . This is fixed by the correcting term (32), which gives
The piece in 1/γ cancels the last term of the second row of (51) when torsion vanishes, see (48). Adding up (53) and the γ-less part of (54), and using δ(e I µ n µr I ) = 0 we obtain
where the final equality follows fromr I δn I = −n I δr I which cancels the third with the fifth term, and n µ δr µ = −r µ δn µ = (s/2)r µ n µ n ρ n σ δg ρσ = 0 which cancels the fourth. We have thus proved (40).
Poincaré charges at spatial infinity
Since the modification we propose changes the pre-symplectic form, we should check that it does not spoil established results, such as the recovery of Poincaré charges at spatial infinity with Λ = 0. It was proved in [6] that the original symplectic potential (19) vanishes on T ∞ , a necessary condition for the canonical split without reducing the phase space, and that it leads to the correct Poincaré charges as in the metric formalism. Furthermore, the authors showed that the non-gauge-invariance of (19) vanishes in the limit to i 0 . This already signals that our modification will vanish in that limit, hence preserving those results. Let us show this explicitly, using the boundary and fall-off conditions of [6] . 16 One chooses a reference flat metric η µν for the asymptotic behaviour, with hyperbolic slicing given by ρ 2 := η µν x µ x ν and three angles collectively denoted by Φ. Then the fall-off conditions appropriate to Poincaré symmetries are given for the tetrad by
with
σ(Φ) a reflection-symmetric arbitrary scalar function and ρ µ := ∂ µ ρ.
We then have at leading order
which vanishes exactly using (57) and the antisymmetry in KL. The exact form we added gives no leading contribution to the pre-symplectic form in the limit to i 0 , and the recovery of the Poincaré charges established in [6] is left unaffected.
Bifurcating horizons and the first law
We now show that our symplectic potential permits to derive the first law of black hole mechanics from the Noether charge associated with a Lie derivative, just like in the metric case [25] . For the application of the formalism to derive the first law of black hole mechanics, we take a stationary and axisymmetric background solution, Λ = 0, and choose Σ to be a Cauchy hypersurface with two boundaries, one at the bifurcation surface B and one at spatial infinity S ∞ . We take ξ µ to be the Killing vector that generates the horizon. Consider first the metric case. Since ξ µ is Killing, all variations δ ξ vanish and by linearity also the Hamiltonian charge,
Recalling the expression (18b) in terms of the Noether charge, we find a conservation law between surface charges at the bifurcating surface and at spatial infinity,
where we used that fact that ξ µ | B = 0. If the perturbations are asymptotically flat and solution of the linearized field equations (but otherwise general), this equation evaluates to the first law of black hole mechanics (see e.g. [25] ) 17
Crucially, this first law is invariant under θ → θ + dα, since the contribution of this ambiguity to (59) always vanishes:
To see this, use the fact that α(δ) depends linearly on the variations and that δ ξ = 0 on the background fields. The quantity in square brackets then gives α(
If the same state of affairs held in the tetrad formalism, we would agree with the argument given in [9, 10] : neither options presented in (24) give the Noether charge of the metric theory, and since the first law should be invariant under redefinitions of the symplectic potential, we are left with the only possibility of looking for a new transformation to which the first law should be associated. The problem we see with this argument is the assumption that (59) still holds in the tetrad theory, namely the requirement that for a Killing vector, £ ξ e I = 0. This is not necessary, and can lead to inconsistencies; it is enough to require that
since this automatically preserves the metric. Contracting with the inverse metric, we get an expression for the gauge transformation:
where we used (35) in the absence of torsion. 18 Notice that it does not vanish on a bifurcating surface where ξ µ = 0. This immediately means that
namely the Killing diffeomorphism generator for a general potential is an internal Lorentz charge. Using the gauge-invariant symplectic potential Θ ′ EC , the Lorentz charge is zero, see (39) , and thus from (65) the vanishing − δH ξ = 0 of the diffeomorphism generator associated with a Killing vector is preserved. The Noether charge contains the exact Komar form, see (38) (there is a priori another ambiguity in the cohomology of κ ξ , but this is irrelevant for the first law since the boundary of a boundary is zero), and the symplectic potential reduces to the one of the EinsteinHilbert action, see (40) . Hence (65) gives back precisely the conservation law (60), and the first law follows as usual. We conclude that our gauge-invariant potential associates naturally the first law to the invariance of the action under (covariant) Lie derivatives.
One may wonder whether the invariance of the first law under the ambiguity (9) is lost. This is not the case. In fact, we now show that the first law can also be derived from the non-gaugeinvariant potential (19) and the same Lie derivative, without need for the non-linear object (27) of [9] or the automorphism construction of [10] , provided one takes into account the presence of a non-zero Lorentz charge. Starting from the non-gauge-invariant potential (19) and using (63), the Hamiltonian generator (65) for a Killing vector does not vanish anymore but coincides with the Lorentz generator. 19 This evaluates to
where we used (28) , which is valid also for a field-dependent gauge parameter like λ ξ since the contribution from its variation is cancelled by the commutator term Θ EC ([δ, δ λ ξ ]) which is in this case not vanishing. 18 The reader may worry whether the invariance up to a gauge transformation of the tetrad under an isometry is consistent with the transformation of ω IJ , namely whether
The equality is indeed satisfied as it is nothing but the familiar Killing identity Rσµνρξ σ = ∇µ∇ν ξρ expressed in the tetrad formalism. 19 A fact that can also be taken as motivation to prefer the gauge-invariant potential.
To evaluate the hand side, we could compute the Noether current associated with L ξ , but we can also use (23) and the bilinearity of the symplectic form to derive
The first piece gives
where in the second equality we used (26) on-shell, and the equivalence (θ EC + dα)| ω IJ = e ω IJ = θ EH previously established; in the last step we used
This can be proved by explicit calculation using (32) and (64), but also observing that
which follows using δ λ α(δ) = 0 for a gauge transformation and (64) for the background fields φ:
and
The second piece in (67) is again a Lorentz charge,
and cancels the second term in (68). We can now equate (66) to (67) with the above manipulation, and derive
Finally, notice that
hence (73) gives the same identity (60) as the metric and gauge-invariant symplectic potential calculations, from which the first law follows. The Lorentz charge is thus crucial to recover the Komar form and the first law using the non-gauge-invariant symplectic potential and the ordinary Lie derivative. We conclude that also with the original potential (19) the first law follows from the Noether identity and Lie derivatives. This is consistent with the findings of [5] , where the first law for stationary black holes and more in general for isolated horizons was recovered from the second equality in (18a), without going through the Noether current expression (18b). In [5] the internal Lorentz symmetry at the isolated horizon was fixed, and the non-vanishing of (65) indeed noticed, and referred to as horizon energy. Our results show that this is nothing but the Lorentz charge.
The bottom line of the derivation of the first law (73) with the non-gauge-invariant potential and the Lie derivative is that the Komar charge, absent from the symplectic potential, pops up through the Lorentz charge giving the diffeomorphism Hamiltonian generator. This simple reshuffling restoring the first law extends to any symplectic potential in the equivalence class (9) . Therefore, there still is a perfect invariance of the first law under the cohomology ambiguity in the symplectic potential, albeit in a subtler way than in the metric case. The subtlety is that adding an exact form to the symplectic potential can introduce surface Lorentz charges, which in turn provide non-zero charges also for the Hamiltonian generators of Killing isometries. These have to be taken into account if one wants to recover the first law from the covariant Lie derivative alone.
Let us also compare our results with those of [9, 10] . There it was acknowledged that the symplectic potential is not gauge-invariant, and it was shown that one can still work with it and define Hamiltonian diffeomorphism charges vanishing for Killing vectors, provided these diffeomorphism are not associated with Lie derivatives alone, standard or covariant, but with automorphisms of the tetrad. This construction uses the non-linear object (27) whose action depends on the tetrad also when acting on other fields, and whose extension in the case of an affine connection with torsion is unclear to us. Our findings show that there is a simpler alternative: keep the covariant Lie derivative and switch to a gauge-invariant potential, or keep the non-gauge-invariant potential but take into account the Lorentz charges and the non-vanishing of (65). This said about our alternative, we remark that the motivations of [9, 10] include topological issues and smoothness of fields; we have not looked at these aspects, so we are not in a position to assess how they would change our results.
Conclusions
In this paper we have proposed a gauge-invariant symplectic potential for tetrad general relativity, implementing what discussed for generic gauge theories in [14] . See also [34, 35] for additional discussions on the importance of gauge-invariance of the phase space. Our construction uses the freedom to add exact spacetime forms, namely corner terms, to the symplectic potential. A gaugeinvariant symplectic potential cannot be directly read off from the action, but additional input is required in the choice of the right corner term, which in turns determines the covariant phase space and resulting Hamiltonian fluxes/surface charges. The gauge-invariant potential eliminates what we see as spurious internal Lorentz charges produced by the symplectic potentials used so far in the literature. It does not change the Poincaré charges at spatial infinity, since the gauge-breaking terms vanish in that limit. It plays a key role on the other hand in deriving the first law of black hole mechanics from the Noether identity associated with the Lie derivative and a vanishing Killing Hamiltonian flux, like in the metric theory.
We also pointed out that the derivation of the first law from the covariant Lie derivative is in the end invariant under the cohomology ambiguity in the symplectic potential, and thus independent of having chosen a gauge-invariant one: it suffices to take into account the non-trivial Lorentz charges that can be present. The technical statement is that the invariance of the first law under the ambiguity θ → θ + dα, which is guaranteed in the metric theory by the fact that for a Killing field Ω(δ, δ ξ ) = 0, is now guaranteed by the Ω(δ, L ξ ) = Ω(δ, δ λ ξ ), and therefore the first law is recovered with a non-vanishing Killing Hamiltonian flux, if one uses the original potential, and a vanishing Killing Hamiltonian flux if one uses the gauge-invariant symplectic potential.
Our gauge-invariant symplectic potential turns out to be exactly equivalent to the EinsteinHilbert symplectic potential when torsion vanishes, for arbitrary variations. This was not granted a priori since they could have differed by gauge-invariant exact 2-forms, e.g. terms written directly as variation of the metric. The proof was based on some identities for differential geometry with tetrads that allows us to recover variations of extrinsic curvature and 2d corner terms.
For simplicity, we have neglected in this paper boundary terms in the action, and the explicit contribution of matter fields. Boundary terms and topological terms can be added following the previous treatments [8, 18] . The matter contribution is worth exploring: Having settled the issue of the equivalence of the symplectic potential when torsion vanishes, this can be used to study the contribution of torsion to the charges. Among the applications of our results we mention the study of boundary degrees of freedom, in particular the 1/γ term in (34) has been shown to lead to an interesting description in terms of a conformal field theory on the boundary [36] (see also [37, 38] ) and it would be interesting to see if and how that description is affected by our results. A related issue concerns calculations of entanglement entropy with the action (1), see e.g. [39, 40] . Finally, approaches to quantization suggest to endow the covariant phase space methods within the Batalin-Fradkin-Vilkovisky framework, which for the non-gauge-invariant potential (19) has been discussed in [41] .
Throughout the paper we restricted attention to non-null hypersurfaces. Quasi-local charges and conservation laws are even more interesting when one considers null hypersurfaces (see e.g. [42, 4, 43, 33, 23, 44] ), and it is natural to ask how our results extend to that case. A symplectic potential for tetrad gravity giving vanishing internal Lorentz charges can also be obtained when the 2d corner hinges between a space-like and a null hypersurface [23, 24] . We explored the Hamiltonian structure of Einstein-Cartan gravity on null hypersurfaces in [45, 46] , and we plan in future work to look at the covariant phase space perspective on them.
For the internal Levi-Civita density ǫ IJKL we refrain from adding the tilde. We keep the same convention, ǫ 0123 = 1, hence the tetrad determinant is and we take e > 0 for a right-handed tetrad.
